
 

Lecture
Finish TU

nonbip Matching

polytope
Next time flows

But can
check in
polynomial
time

Totalunimodiarity
I

Recall A T.ir all subdeterminants
in o l ti

checkingTu naively needs2h2m

Thepoint when does an I.p
determinant

have same solutions as its Lt relaxation

ee

zi mi



i iii
I

Alwayy Zep is Zep P

Mai
eu

If A is TU then ZIP ELP b c Im

In partrular P
x A x b X303 integral

Example bip a y

polytope of fractional

matchings we used for

mini weight perfect matching



M ight perfect

set CU v be bipartitron

x EIRE Xii L tie U

C E

rift tje V
EE

Xi 20 V CID EE

xeRE Ax b x303

Integral points in P perfect
matchings in G

Recall Lecture on bipartite matching

al



P is integral i e

THI MWP M THEOREM

MW PM min E C j min Ex XEP

ImE Eih
in G

technically onlyshowed for

G completebipartite but
also true for

any bipartite
G

Another way
to show it

Theorem The matrix A

uni modular



ally

Cory MWPM THEOREM

Proof what's A look like

AT is incidence Matrix
of G

ijc

E.info I n

v j fo

I f edges



I E f edges

To show A is Tu consider

square sub
matrix M look at

cases

2 if M has 0 roufcol

2 if M has routed
w only one 2

expand down

t eSubmatrix



im

3 M has 32 nonzero
entries per

row col

M has exactly
2 nonzero

entries

per column

22
2

u

m iii
In fifi Hi I f

o



add up
rows of M in Uo

get It Similarly

I I

Itu Evo M O

rows not linindep

t

Neat side note
zmxn



Det discrepancy of Ae Rmm
is

min HANG min mi.am fAx il
X C I 13 XE I 13h

How well A can be balanced

EI
gg

has discrepancy
2

because of y L I t l t 1

Hand some two entries
iLIE have same sign

Fact A is T U all submatricesof

A have discrepancy II

Tu matrices are highly balanceable

N parte ihg
polytope

2 ample



We saw lecture 2 pro example
that if G Kun E bipartite
then the convex hull of p.ru's is

P x EIRE Ex y L Vie U

degree

DEE

c

Ex
constraints c j

it Vj t V

Xis so this c E

Xzz

But for nonbipar lite

Degree constraints enough

Def Ee Vee

v gyrus



18
no perfect

Could we have come matchings

f RE E te El fue V
ee sa

m wuss xes.ov eEE32
co iyXokine9raldoefedmeEbiag

IN EI IP f LP forPas above

X 13 3 XIE 43 423 12

T
feasible e p

L Lg X 23 Sum is 3
2 but

X z
every matching has

2 Sum EL
athings

Need another constraint
r



Eatdges
ODD SET CONSTRAINT of M in

odd sets
If 151 odd then w

E Xe E

e cECS

xtytz E

s

ODDRtcousodqnvmatehihgl.IT

tM Edmonds Let

x Edm Manaants Lithonia 3

Then come G P where



E Xe e

I

Hv c Vp x eases
H S EV

FEINTS
e
feesYet is odd

odd 7

Fontstrainthionnagggtiming Xe Zo t ee E

nor set degree constraints

PNEEe 3
c.nu

e9iseaiIbiiatchinssl
F

Proot ideas show they have

the same facets

El Cour X EP showed before

17 To show conv 2B
show every facetof
corn X comes from inequality

ofP

p has
more constraints than

containment Z



1M9

2Mz 2m conv K Z R

I
M 3

Caveat need cow G full dimensional

for this proof strategy to work

Every facetof
convCx

is ineq of P but
conuct P

Sho Ef
E

Ur

Steps Showdimcouvchett
Recall

qua of affinely 2dim cow indep points inConucx

weed E It I affinelyindependent points



Affine independence refresher

RE IE 1 3 y affinelyindependent

7 smallest affinespace

4 Eatainidimension
IX 1

1,99 e

cow is

a simplex

t.FI
ftp.eiitatearm



Gaf Gee
e E 3 o fool

x

Step Now consider face F

of conv X frominequality d XEB
T
valid

1mi 7 9 i e

sm.toohyFhfrdsau
Imu LM

LM3

Need to show F contained in face

from inequality of P

ie either degree
constraint

odd set constraint or non
negativity

constraint



J

NII F Conn R where

extremal

R x e X TX P matchings

Mz
mtor

M4

M 3

Calling elts of 12 matchings

conflates 2 are
M are abuses of

notation but we do it anyway

Enough to show all elements of
R are tight for some ineg of p

If R empty done Assumenot



Cased d has negativeentry de

Xe o t c R

else setting Xe o

increases
Fx violates

F E face from extremalityofX

nonnegativity constr Xe 0

assumeo30forremainhy.ca

Case b Some vertex v coveredby
every x c R i e

eE

F E face from degree constraint

1 21



ITEE
Forfinalcase i

Assume u v is extremal matching

Mv C R net covering v

Case c

Let E be edgeswhere
a o i.e

Et fete de 03

case a de 0 for e E El Et

Let Vt vertex set of E t

CY E any
connected

component of Vt Et

e g



a

Vz

YaisiaetaintionistainitTII

if
e e

HER

equiv all M E R have

edges in Vi

ex
ut

M



Vz

Idea of proof of claim

Show
noex1vemalmatchiyMeR
missingsometwoverts.u V EV

why is It enough

i any matching
Me R missing

1 vertex of V can't

µ still
have edges e departing V

extremal removing e m missing
61C de

2 Vertices Contradicts t

V jY doesn't happen

ii e m near perfect in V 7

i ii Iv l odd because 3 MER

missing sooner C V from case b

M near perfectin V



v m

i Cii Everyextremalmhaslv.LT
edges of Ei

Civil odd every M
missing some V EV

M near perfect.nu
done
modulo

Droof of
extremalmatching

Supposenot Amory ells of R

excluding some too verts yu EV

let ME R be matching missing ca so
maywww.taredosestinkhiE
mbessing

will build new match Ty M othervertice

missing even closer vertices contradiction



If dist L then un t E E Et

mtvu vida.tn easesotx
Ex a B Gok our o

T
n

us
O

V M Mtuv

Thus distance 32 Let

WEI UN on shortest u v

path

J V

mu.tt
qgqovooo

w

b J M R



Case b 3 Mw ER

missing w

M of Mw

u 29
w.gr

look at Mw OM

is symmetric diff of matchings

M ft Mw
n g
w.gr

MOM w



Mw OM is union of paths

cycles
containsatfronities

att path Q ending at w

M ft Mw
u M a

wo f.lv
Look at

Q

MF MO Q MEMO Q

ML ff Mz
u Me a V

world but
QwMw



Q

moimiiiiuims.me Ee.EE
eEMi

for ie El 23 but

ecfu.de em8e Em0eteEdwe 2B
m

c B E B c BOTHEQUAL

b c M M z counts double counts

edges the same way as M M w

b c just swapped some differing
edges

E ie am
e cMi

Bo ER e

But Mi doesn't cover w i



Bu Mi

doesnt cover one of u or v

at least 05g
of UN wasnt part

of Q

M is missing two
vertices closer than

u u

im

why does it M cover

both u v

Q can't contain both
u v

b c its can only
contain them as endpoints

ME Q alternates in M

doe I r



which doesnt cover
u u

One

I end p
t

n y v

is


